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Abstract

The standard Bayesian treatment of systematic uncegdasiigtito integrate out
the corresponding nuisance parameters from the joint postensity for all
parameters. We apply this formalism to measurements inhathie data can-
not distinguish between nuisance parameters and pararadterterest, and
show that it leads to posterior densities with undesirabbperties. To solve
this problem, we propose to introduce correlations betwibenparameters
of interest and the nuisance parametershe prior, in such a way that the
nuisance parameter information does not get updated by ¢asumement. Fi-
nally, we describe a method to replace Bayesian margin@izantegrals over
nuisance parameters by convolutions over the parametargesést. Such
convolutions are computationally more tractable and pl®nsight into some
useful approximations.

1 INTRODUCTION

The Review of Particle Physics [1] describes the followingtined for incorporating systematic un-
certainties in a Bayesian analysis. Suppose we have ahlidaiL(z | 6, ) expressing the probability
density of the data given a parameter of intere@tand a nuisance parameter Because the data cor-
relater andé, a lack of knowledge about gives rise to a systematic uncertainty @nlf 7 (6, v) is the
prior density, Bayes’ theorem gives the posterior proligalensity as:

1
O,v|z) = — L(z|0,v)7(0,v), 1
p(l)p(x)(l)() 1)
wherep(x) is the marginal probability density of the data:
p(z) = /dy /d0 L(z|0,v)n(0,v). 2

To obtain a probability density fa# only, one simply integrates out the nuisance paramefeom the
joint posterior:

pO]2) = [dvp(o.v|a). ©

Systematic uncertainties are often such that the data akomet provide independent information
about bothy andv, as for example in the case of a cross section measuremédrd présence of accep-
tance uncertainties. We discuss this example, and theutiiis it presents, in section 2. Section 3 offers
a solution based on introducing correlations between petens of interest and nuisance parameters in
the prior. Finally, a method by which integrals over nuisaparameters are replaced by convolutions
over parameters of interest is described in section 4.

2 CASE STUDY OF A CROSS SECTION MEASUREMENT WITH ACCEPTANCE U NCER-
TAINTIES

We apply the marginalization formalism to the measureméatsignal cross sectiom in the presence
of n observed events; expected background events, an acceptatceith uncertaintyA A, and an
integrated luminosity.. The likelihood is given by the Poisson probability for otlvieg n events:

(ULA + b)n e—o‘LA—b

L(n|o,A) = py

(4)
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For obvious reasons we considetthe parameter of interest antithe nuisance parameter. These pa-
rameters are generally treated as bergiori uncorrelated, so that their combined prior factorizes. We
will further assume that the prior fot is a truncated Gaussian, whereas thatfis flat:

1(A-Ag\?2
e—a(w)
m(0,4) = w(o)w(A) = H(o) oK AA
whereH is Heaviside’s step functionH(z) = 1 if z > 0, and 0 otherwise), anl’ is a normalization
constant. Note that the above prior is improper (i.e. ndegrable) with respect to.

According to eq. (1), the calculation of posterior intesval upper limits orr requires a marginal
data density that is finite. In the present case, we have fopr{2g:

H(A) H(1 - A), (5)

1(A-Ap

2
1 nopt /ldA 1 6—5( AA )

1 o]
B _ Zh il -
p(n) = /OdA/O do L(n]o,A) (0, 4) = + 2 o AV2rKAA ©

Unfortunately, because of theg/ A factor in the integrand, this integral diverges at its lowenit (ex-
changing the order of integration does not remove the dérerg). The posterior density is therefore
improper and cannot be used to extract intervals [2]. Analwisolution is to regularize the cross sec-
tion prior by introducing a cut-offr,,,c. The requirement < o, at the prior level then guarantees a
proper posterior density, but posterior intervals and uppets will depend oo, Regrettably, users
of this method do not always quote their choicergf, making it difficult to interpret their results.

In the next subsections we consider alternative choicesiaf { illustrate some issues and moti-
vate a somewhat different treatment of systematic unceieaiin section 3.

2.1 Alternative prior 1: log-normal in A, flatin o

Since the integrand of the marginal data density (6) has amegrablel /A divergence atA = 0, a
better choice of prior might be one which is 04h= 0, so as to cancel the/A factor. A convenient
choice of prior which satisfies the above condition and dttarezes positive parameters, is the log-
normal (normalized to 1 over the range< A < 1):

(i)’

N

m(0,A) = n(o) m(A) = H(U)\/EA 6[1 f( m )}
T — €r ﬁ

wherem andr are functions of the mean and standard deviatioA A of A:

m = In - (iA/A)Q and 7 = \/ln [1 + (AA/A)2]_ 8)

H(A) H(1 - 4), (7)

It is easy to verify that the resulting posterior density isger, even though the prior density is still
improper with respect to.

Although one is usually only interested in the marginal poet density for the cross section, it is
instructive to look at the marginal posterior density fag Htceptance. It can be calculated explicitly:

. _l(lnAfm)2

(Aln) = \Fem_é — H(A) H(1 - A) 9)

p = — . - .
m A2 1= erf (2]

This expression has two striking aspects: it does not deparitie dataz, and is a different function

of A than the prior (7). No matter how weak the information camgdi in the data, the posterior will
nevermatch the prior. This lack of consistency is due to the impgetyp of the prior with respect to the
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cross sectiow. If we regularize the prior by introducing an upper cuteff.. on the cross section, the
posterior becomes:

"N 14 _ ,—OmaxLA [
b —e (Cmax LA + b) } (10)

p(Aln) o m(A) ”{g (O LA) !

and depends now explicitly on the dataFor low integrated luminosity. one recoverg(A | n) =~ w(A),
as expected.

2.2 Alternative prior 2: Gaussian in A, Gaussian ino

Here we set the prior fofo, A) to the product of a truncated Gaussian doand a truncated Gaussian

for A. Such a prior is proper with respect to bathando. It is not a very common choice, since in

general one will select a non-informative prior for the erggction. However, it provides a convenient
model to study how information flows from the priors to thetgasr. In particular, we want to contrast

situations where the prior information agrees with the daa situations where the two are in conflict.
For the examples below we set= 5, b = 2, Ag = 0.02, AA = 0.006, andL = 100 pb~*.

For there to be no conflict between priors and data, the cres®as prior should be centered
aroundoy = (n — b)/(LAy) = 1.5 pb. This is illustrated in the top two entries of Table 1 foiotw
different prior uncertainties on the cross section, 30% Bf#td In both cases the measurement affects
only the uncertainties, not the mean values. For the bottamentries of the table, the cross section prior
was given a mean of 7 pb in order to demonstrate the effect ohflict between priors and dat&oth
posteriors are now shifted with respect to the priors. Cammganeasurements 3 and 4, one observes
that the acceptance shift increases as the prior uncgr@amne cross section is reduced.

Table 1: Summary of four measurements of a cross sectioedh@s 5 events observed over an expected background of 2
events in a data sample of 100 pb The acceptance and cross section priors are truncatesgi@asisMeasurements 1 and 2
illustrate the effect on the posterior of a reinforcementeen data and priors, whereas measurements 3 and 4 shoffetite e

of a conflict between the two.

Mean RMS/mean (%)
Measurement Prior Posterior Prior Posterjor

1: Acceptance 0.02 0.02 30.0 27.9
Cross section (pb) 1.5 15 30.0 27.9

2. Acceptance 0.02 0.02 30.0 27.6
Cross section (pb) 1.5 15 5.0 5.0

3: Acceptance 0.020 0.014 30.0 41.3
Cross section (pb) 7.0 4.9 30.0 41.3

4: Acceptance 0.020 0.010 30.0 39.2
Cross section (pb) 7.0 6.9 5.0 5.1

2.3 Summary of prior study

Our first two choices of prior, egs. (5) and (7), show that iop@r priors can lead to posterior pathologies
such as divergence or inconsistency. Nevertheless, impimors are widely used agpproximations

to proper distributions representing weak informationisTi justified on the grounds that “if the prior
information is weak relative to the information in the datsen posterior inferences will be robust to
mis-specification of the prior” (section 4.35 in [3]). Frorareexample it would therefore appear that an
improper cross section prior is not a good representatiamealk information when the acceptance prior
gives non-zero probability to zero acceptance.
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On the other hand, it is possible to approach this probleferéifitly, namely as the combination
of two independent measurements: one of the acceptansemmarized by the priar(A), and one of
the expected number of signal eveptssummarized by a posterigi. | n). The latter is obtained via
Bayes’ theorem from the likelihoogl+b)"e=#~°/n! and a priorr(1). A simple convolution of(u | n)
with 7(A) then yields the cross section postepds | 7). Now, it turns out thap(o | n) remains proper
even ifr(A) is a truncated Gaussian an@u) is uniform and improper. This suggests that a different
parametrization of the problem of section 2 at the prior lleweterms of . and A instead ofo and A,
would yield a more robust solution.

Our last choice of prior, in section 2.2, demonstrates howsueements can update the nuisance
parameters in a way that depends not only on the data, bubalpaor beliefs about the parameters of
interest. This is of course the primary reason why one nemerscto look at updated nuisance parameter
information, even when the nuisance parameter igtasestingas the reusable calibration or efficiency
of an instrument. If updating nuisance parameter inforomegierves no purpose, it seems then legitimate
to wonder whether it is possible to avoid this feature in adgn analysis, so that all the information
in the data is applied only to the parameters of interest. &k &t this issue in more detail in the next
section.

3 THE METHOD OF POSTERIOR AVERAGING

A salient feature of the example discussed in section 2 tdlleedata only depends on theoductof the
cross section and the acceptance. In this section we gzeettais feature by considering measurements
in which the data cannot distinguish between the paraméietesestd and the nuisance parameier

In mathematical terms, we assume that there exists a fungtth v/), independent of the data such
that the likelihood depends @handv only throughn:

L(z|0,v) = L(z|n0,v)). (11)

If there is more than one parameter of interest or more themarsance parameter, we assume ihiat
a vector with the same dimensiongsand that the Jacobian of the transformatior 7 is non-singular.

In order to address the last issue raised in section 2, wednlika to set up the measurement
problem in such a way that nuisance parametersaiget updated by the measurement. Thus, given a
nuisance priotr(v), we search for a combined prigf6, v) such that:

/d& w(0,v) = w(v) and p(v|z) = w(v). (12)

With the help of Bayes’ theorem, the equation on the rightlmarewritten as:

Jdo L(x|0,v)n(0,v) )
[dv [d0 L(z|0,0)n(0,0) "

(13)

Next, we note that under a change of variable~ n = 7(0,v), probabilities remain invariant; in
particular:w(0,v) d0 = =(n,v) dn. Equation (13) can therefore be rewritten as:

Jdn L(z|n) 7(n,v)
Jdv [dn L(z|n) m(n,v)

and is satisfied by any(n, v) that factorizes inter(n) =(v). Transforming back tg¢é, »), the solution
is:

= n(v), (14)

x(0,0) = w(n(0,)) x(v) G,

wheredn /06 is a shorthand for the Jacobian of the transformaien 7.

(15)
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Using Bayes’ theorem, the marginal posterior probabilityéf can be written as follows:

5($|n(?3 v)) w(n(0,v)) I
Jdn' L(z|n') w(n') OO

The expression between square brackets is the posterisitydefrn given x, written as a function of
6 andv with the help of the Jacobiafin/00. The marginal posterior fof is then the average of this
n posterior over the nuisance parameter, and we will thegeffefer to this method for getting rid of
nuisance parameters as “posterior averaging”. In a tympglication of this formalism, one would
identify the functionn(#, ), choose a prior for, calculate the posterior density fgrand express it
in terms off andv, and finally average this posterior over the prior nuisanstidution. An alternate

method, appropriate when one has significant prior infolonatbout the parameter of interéstconsists

in solving the following integral equation for theprior:

p@|z) = /di/p(9|l/,x) p(v|z) = /dl/ l (V). (16)

w(0) = [av W(n(ﬁ,u))w(y)%. (17)

Thisn prior is then handled in the same way as in the first method.

When compared with the standard method for getting rid cfamge parameters, posterior averag-
ing has two main advantages. First, it involves one lesgiat®n in the calculation of the marginal data
densityp(z), making it less likely to yield divergent results when impeo priors are used. Second, it
exploits the fact that the data cannot distinguish betwegameters of interest and nuisance parameters
by channeling all the data information into the parametéisterest.

We emphasize that posterior averaging is derived from Bdlgesrem using the rules of proba-
bility without any additional, external principle, othdrain our method for choosing a prior. It can be
applied whenever the condition embodied in eq. (11) isfeadis

3.1 Example

We apply the posterior-averaging formalism to the examplgection 2. From the likelihood (4) it is
clear that the data cannot distinguish between the cross sectioand the acceptancd. A natural
choice for the functiom is thereforen(o, A) = oLA + b, i.e. the expected number of events. An
arguably non-informative prior fof is a truncated flat distribution from = b up ton = nyax. FOr the
acceptance we keep the truncated Gaussian prior of eq. $5)gég. (15), the combined prior ferand
Als:

_ H((T) H(nmax—ULA—b) e_%(%)2 B
71'((7714) = o — b \/ﬁKAA H(A) H(l A) LA, (18)

which does not factorize as a functionofand A. The marginal prior foe however, can be calculated
explicitly:

() ()
e \V2aa) _ o V2AA

VT2 (Ag/ DA

(o) = CH(o) —i—erf( Ao )—l—erf(M) , (19)

V2 AA V2AA

LA
(Nmax — b) K

In the limit of small A A this expression reduces to a step function that is non-zero & = 0 up to
o = (nmax — b)/(LAp). The marginal posterior density feris given by:

with C

and wu(o) = min (1, lhmax — b).
oL

u(o) ( AL+b)n _%(Agio)z
H(o) / dA T2 T2 —(eAL+b) 4, ©
0

_—, 20
n! V2r K AA (20)

poln) = %
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: B N R,
with § = ;Z— [e b —e " nmax].
Although the priors (18) and (19) depend on the expecteddvaakd b, this dependence is hardly
visible for large values ofj,,.«. In any case, if this is a problem one can always choosesdor that
is independent ob and then use eq. (17) to extract therior. An easier solution is to choose a flat
improper prior forn by removing(nmax — b) from the denominator in eq. (18) and taking the limit
Nmax — 00. The marginal prior for then becomes also improper, while its posterior simpliftes t

2

_1(A-A49)*
1 aAL+b e 2( AA )
= — dA LAl ) A — 21
p(o|n) Seo / V2r K AA 1)

with S, = eibz,—'.
—~ gl

Thanks to the factoA in the integrand this posterior is proper, in contrast whih ¢alculation of section

2. Inref. [4], eq. (21) is incorrectly derived as a simple leggtion of the technique of marginalization.
The author starts with a properly normalized probabilitysigy for the parameters of interest, condi-
tional on the nuisance parameters. This density is theragedrover the nuisance prior. However, as the
first equality in eq. (16) indicates, Bayes’ theorem reuttet the posterior density for the parameters
of interest be averaged over the nuisance posterior, nptids Only in special circumstances, such as
those outlined at the beginning of section 3, can the two b#eregual.

4 THE CONVOLUTION METHOD

In this section we briefly investigate ways to simplify cortgiion of the posterior averaging integral of
eq. (16). Often, the only prior information available abtu# nuisance parameter is its meanand
standard deviatiodhr, and a Gaussian prior is then assumed. The posterior angrengegral therefore
takes the form:

1 uuo2
e 2( Au)
p(0] ) /dl/p0|l/.’13) VTN

When the dependence pff | v, z) onv is not as easily obtainable as its dependence, dris tempting
to replace eq. (22) by a Gaussian convolution évevith some widthr to be determined as a function of
Av. A convolution will automatically “widen” the probabilitdensity for, which is the desired effect
of a systematic uncertainty. To derive such a procedurejrarazluces a shift functiopy(¢), defined as
follows:

(22)

P(0]vs+e,x) = PO+ pole) | vo, ), (23)

whereP(0 |v,z) = j_aoo df'p(0' | v,x). After performing the substitution — ( = 6 + py(v — 1), the
averaging integral (22) becomes:

(%) C—0 90(0,¢)
e o(0,
pOl2) = [dp(Clvesa D o U e o (24)
here:
o o(0,¢) = Sl W (25)
py ' (C—0)

Equation (24) is a good starting point for approximationssti-note that due to the Gaussian factor in
eq. (22), eq. (23) only needs to hold fovalues of the order of a fewr’s. If Av is small enoughpy(e)
can be assumed to be approximately lineat, iso that eq. (25) simplifies @(0, () = pg(Av).
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A further simplification occurs when considering a systecnacertainty whosenaineffect is to
shift the whole density (6 | v, z) alongé without (too much) distorting its shape. In that cag&) ~ c-,
with ¢ a constant independent &fand the posterior density becomes:

67%[‘?_;%]2

V2rcAv’

If on the other hand the systematic uncertainty under cengitbn mainly affects the width of
p(0|v,z), thenpy(e) ~ (0 — 6,), with 0, the location parameter of6 | v, z), and:

pOl2) ~ [d¢p(clve,) (26)

I/o+€

1 6—¢ 2
e ~[(C GO)AV/Vo]

V2r (¢~ 00)Av vy
Systematic uncertainties that affect both the locationwaiaith of p(@ | v, ), such as acceptance uncer-
tainties, will give rise to non-trivial Jacobian factorstive convolution integral.

Finally, we note that in the above discussion we have igntiiedransformation of integration
limits. This obviously needs to be taken into account in Bjpeapplications.

p(Ol2) = [dCp(|vas) @)
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