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Abstract

We describe a general convolution method for incorporating systematic un-
certainties into likelihood functions for analyses that seek to extract upper limits
or two-sided intervals on some parameter of interest. The method is derived
as an approximation to the correct Bayesian approach and therefore inherits the
latter’s statistical interpretation and to some degree its mathematical properties.
In particular, the form of the convolution kernel is fully determined, in contrast
with commonly used approaches that rely on intuition and guesswork. A simple
example is analyzed in detail.

1 Introduction

High-energy physics analyses are often required to deal with a significant number of
so-called nuisance parameters, i.e. parameters that are of no particular interest and
yet must be specified in order to extract physics information from the data. Examples
include background contaminations, tracking efficiencies, jet energy scales, initial and
final state radiation, parton distribution functions, etc. Uncertainties on nuisance
parameters are usually referred to as “systematic uncertainties.” In the following we
restrict our attention to analyses that are based on a likelihood function L£(6,v|z),
where 6 labels the physics parameter, v the nuisance parameter, and x the observed
data; all three of these quantities can be vectors. The problem is then to eliminate
the dependence of £ on v, without ignoring the effect that uncertainties on v have on
inferences about 6. Two common methods for solving this problem are profiling and
marginalization.

In the profiling method [1], the likelihood function is maximized with respect to
the nuisance parameter(s) at each physics parameter value of interest. This technique
is often applied when the nuisance parameter is a background contribution to the



mean of a Poisson probability. In this case the dependence of the likelihood on the
nuisance parameter is analytically simple, making the maximization relatively easy
to implement numerically. Unfortunately this method cannot be applied to nuisance
parameters with more complex dependencies, such as the jet energy scale. Another
disadvantage of the profiling method is that it does not take proper account of the
uncertainty on the nuisance parameter. Although corrections for this are available
in the statistical literature, they are not widely known in our field and are usually
neglected, regardless of whether this is justified.

In the marginalization method [2], the likelihood is integrated over the nuisance
parameter(s), similarly to what would be done in a Bayesian context with a noninfor-
mative, constant nuisance prior. In HEP applications however, there is often external
information available about the nuisance parameter. Assuming that this information
can be represented as a Gaussian constraint with known mean and width, the Bayesian
approach would then base inference about the physics parameter # on the following
function:
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As already pointed out, the dependence of £ on v is often of a very complex, nonana-
lytical nature, which makes the above integral intractable. An alternative is to replace
it by a convolution over the physics parameter:
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where 14 is the nominal value of the nuisance parameter and ¢ is some function of 6,
0, vy, and Av. The problem now is to determine the form of this function.

The aim of this note is to solve this problem by reformulating the convolution
method as an approximation to the exact (but numerically intractable) Bayesian pro-
cedure. This approach will yield a definite functional form for the width o. At the same
time, it will benefit to some extent from general features of the Bayesian method, such
as its straightforward statistical interpretation and its well-understood mathematical
behavior.

The derivation of the correct convolution integral is given in section 2. Section
3 describes techniques that can be used in numerical applications of the method. A
simple example is worked out in detail in section 4. Section 5 contains some conclusions.
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2 Derivation of the Convolution Method

The Bayesian solution to the inference problem described in the introduction starts
with the computation of the posterior density:

L(O,v|x)m(0,v)

m(z)

p(0,v]z) = , (2.1)



where 7(6,v) is the prior probability density for § and v, and m(z) is the so-called
predictive density:

m(z) = /d&/du £(0,v | 2) 7(0, ). (2.2)

Elimination of the nuisance parameter v is achieved by marginalization:

p(6]2) = /de(&VIrc) - /dupww,x)p(m), (2.3)

where the second equality follows from the definition of conditional probability. Next,
we write an expression for the nuisance posterior, p(v | z):

plv]x) = /d@ p(O,v|z) = /d@ £(6,v|) 7 (6, V). (2.4)

Therefore, again using the definition of conditional probability:
pO.v|e)  L@v]x) 7(6,v)

@v,z) = = '
b p(v|z) /d@’ L, v|z) (@, v)

(2.5)

It is usually reasonable to assume that prior information about # is independent of
that about v, so that the prior factorizes: n(0,v) = 7(6) m(v). Furthermore, since 0
is the parameter of interest, it is often given a noninformative prior such as m(#) = 1.
With these assumptions, the above equation becomes:

p(@|v,x) = L*0|v,x), (2.6)

where £*(0 | v, z) is the likelihood function normalized with respect to 6 for each value
of v

0| vy = —EO0vIE) (2.7)
/d9’£(9’, v|x)
Plugging equation (2.6) into (2.3) yields:
p6]2) = [dv £26]v.2) plv] o) 2.5)
Finally, assume that:
p(v]x) = w(v), (2.9)
so that:
p(0]2) ~ /du L0 v, 2) 7(v). (2.10)

The assumption of equation (2.9) is usually somewhat conservative, in the sense that if
there is no conflict between the data and the priors, then the mean of p(v | z) will agree
with the mean of 7(v), but w(v) will be wider than p(v |x), since the posterior incor-
porates data information that is not available at the prior level. Therefore, smearing
the likelihood with 7 () instead of p(v|x) in equation (2.10) tends to exaggerate the
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effect of the uncertainty on the nuisance parameter v. The assumption that there is no
conflict between data and priors should generally be valid if the 8 prior is noninforma-
tive and if the v prior is itself derived from data, albeit in an independent, subsidiary
sample. Under certain conditions, equation (2.10) can be shown to be exact.[3]

Often, the only prior information available about the nuisance parameter v is its
mean v, and standard deviation Av, and a Gaussian representation is then assumed.
Equation (2.10) therefore takes the form:

1(V—Vs
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Although the integration range in this equation was left unspecified, the Gaussian
factor makes it safe to assume that the integrand will be negligible for v values more
than a few Av’s away from v4. This is not only useful for numerical calculations, but
also allows us to keep track of dominant contributions as further approximations are
introduced. We therefore write:

p(0]7) ~ /du £ v, z) (2.11)
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2
vot+niv e 3 (a0

o)1) ~ dv L0 v, 0)
p(0]2) /A 0v.0) =

where n depends on the desired accuracy of the calculation and on one’s confidence in
the model for large values of the nuisance parameter; a reasonable value would be 3 or
larger. As described in the introduction, we now wish to transform the above integral
into a Gaussian convolution over 6, with a width ¢ to be determined as a function of
Av, vy, and 6. To achieve this we need to relate an arbitrary shift in the nuisance
parameter v to a shift in the parameter of interest #. This can be done with the help
of a shift function pg(e€), defined implicitly by the equation:

(2.12)

P@|vo+e,x) = PO+ pole)|vo, ), (2.13)
where:
0
PO|v,z) = / do’ £*(0" | v, z). (2.14)

The shift function can be constructed graphically, as illustrated in Figure 1. This
graphical construction is particularly useful when £*(0|v, z) is obtained in histogram
form. If the nuisance parameter only affects the location or the width of the likeli-
hood, then the shift function will be linear in #. Distortions of higher moments of
the likelihood lead to non-linearities. Some examples of shift functions are shown in
Figure 2.

Differentiating equation (2.13) with respect to 6 leads to:

dpy(€)
do

L0 |ve+e,x2) = L0+ pole) | vo, ) ‘1+ , (2.15)

so that, after changing the integration variable v to € = v — 1y, equation (2.12) can be



rewritten as:

an / e Ol b ea) L (2.16)
pd|x) =~ e € Vo + €2 T IOk .
+nAv d —%(L)Z
pole)| e 2\ av
~ de L*(0 + o) (14 : 2.17
/—nAV ‘ ( p0<€> | 3 ‘Z.) ‘ do V 21 Av ( )

Next, assuming that pg(€) is one-to-one in € for all values of 8, we perform the change
of variable

e—mn: n=0+pee). (2.18)

Without loss of generality we then assume that py(€) increases with €, so that:

—0
( ‘ ) 0+pg(nAv) ( ’ ) 67% [p@ X:j )} 1+ dp;e(e) ( )
p(f|x) ~ / dn L (0| ve, x e , 2.19
0+po(—nAv) V2 Av e e (1-0)
where p, ! is the inverse of the function py(e) with respect to its e argument:
Gl = e & ple) = 2 (2:20)
Define o by:
0,1) AN (2.21)
olv,n) = —g,—— Av. :
Po H(n—9)

To write the Jacobian factor in the integrand of equation (2.19) in terms of o, we first
rewrite (2.21) as:

n—=0
—0 = A 2.22
! pe(O’(&n) V>’ (222)
and differentiate with respect to 6:
—0 0
-1 = Opo(c) - Opo(€) {ﬂ + n 5 Av da( 777)] . (2.23)
00 e—y-g) 2 L O o o0

The components of this equation can be rearranged as follows:

1+ eold A —0 0
0 v ] n do(0,1m) ' (2.24)
9po(c) » a(f,n) a(,mn) 00
Oe €=pPg (n—0)

With the help of (2.21) and (2.24), the integral (2.19) becomes:
1 [ n—0 }2

6+pg (nAv) e 2La@n
p(0]2) ~ / d £*(1| vo, )
6

+pg(—nAv) V2T 0(07 77)

This is our final result: it has the form of a convolution with a Gaussian kernel, but
with a non-trivial Jacobian factor in the integrand.

77—9 80(6)’71)
14 220 0200
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3 Practical Implementation

In most applications one would proceed in one of two ways for calculating the convo-
lution integral (2.25): by quadrature or by Monte Carlo. Both methods require some
type of approximation to parameterize the dependence of the shift function py(€) on
€. A relatively simple approach is to first calculate the likelihood at a discrete number
of nuisance parameter values, say v = vy + mAv, with m = 0,+1,4+2,4+3,... One
can then extract the shift function pp(mAv) versus 6 from these calculations, and use
standard interpolation or extrapolation techniques to estimate pg(e) at € values differ-
ent from mAv. The integration methods described below all need pg(€) for € between
—nAv and +nAv, so that the largest |m| value should be less than n. Furthermore, as
extrapolation is generally less reliable than interpolation, this largest |m| should not
be too much smaller than n.

The following sections discuss in some detail the quadrature and Monte Carlo
approaches. The interpolation techniques presented here are all of the polynomial
type, but this is clearly not a requirement of the method. Depending on how many
support points are available, one could also use rational function or cubic spline
interpolations.[4]

3.1 Quadrature methods

Quadrature methods obtain an integral such as (2.25) by cleverly combining several
evaluations of the integrand. Many algorithms for doing this, such as the trapezoidal
rule, Simpson’s rule, Romberg integration, and Gaussian quadratures, are described in
great detail in reference [4]. Here we limit ourselves to a few remarks about evaluating
the integrand of (2.25).

Assuming that we have determined py(mAv) as a function of § and for one or more
values of m, the width o(6,7n) at n = 64 pg(mAv) can be obtained by direct application
of definition (2.21):

a(0,0 + pp(mAv)) = M. (3.1)

m
This equation provides support points for standard interpolation or extrapolation for-
mulae. For example, if we know py(£mAv) for a given m, simple linear interpolation
for o yields:

1 {pg(mAy) + po(—mAv)

7O % 2 o) — pol—miv)

L =0~ pl-mAn)] = po(-mdn)}. (32)

In the following we will refer to this equation as a 1% order formula for o. A 0*® order
formula can be obtained by approximating o (6, 7) by its value at n = 6:

a(0,n) ~ 0(0,0) = py(0) Av =~ py(Av), (3.3)

where pj(e) is the derivative of py(€) with respect to €, and the last approximation on
the right-hand side is valid for small Av.



The Jacobian in the integrand of equation (2.25) is more difficult to approximate due
to the presence of a derivative. Using equation (2.24), this Jacobian can be rewritten
as:

JO,n) = 1+ ;7(9_2) aaé% . (3.4)
o(0,m) 1+ 0pg(e)/00
Av Ope(€)/0€ e—pr (n-0) ' (3:5)
Therefore:
B po(mAv) Ope(mAv)
5(0,9 + p@(’fﬂAI/)) = A [8p9(6)/86} . |:1 + T:| . (36)

If it can be assumed that py(€) is approximately linear around € = mAwv, then the first
factor on the right-hand side is 1 and we obtain:

N Opg(mAv) .

J(0,0 + pg(mAv)) ~ 1 50 (3.7)
Together with the point J(6,60) = 1, linear interpolation gives then:
n—=60 Ope(mAv)
0 ~ 1 ) 3.8

Although it is difficult to determine how good the approximated Jacobian is in general,
a partial correction is obtained by normalizing p(f | z) to 1 over the physical region of
0, as would typically be done to extract upper limits for example.

3.2 Monte Carlo method

The Monte Carlo procedure for performing the integral (2.25) is as follows:

. Draw a random number 1 from £*(n | vy, x);

. Draw a random number u from a Gaussian with mean 0 and width 1;

1

2

3. Repeat step 2 if |u| > n;

4. Solve the equation 6 =n+wuo(f,n) for 6 (see below);
)

. Histogram 6.

Using the definition of o(6,n), the equation at step 4 can be rewritten in terms of the
shift function, as follows:
0 =n — py(—ulv). (3.9)

Suppose now that we know pg(mAv) versus 6. Using the fact that py(0) = 0 we can

do a linear interpolation:
po(mAv)

pole) = N6
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and the corresponding equation for # is then:
u
0 ~n + - po(MmAV). (3.10)

If we know both pg(mAv) and pg(—mAv) as functions of 0, then a quadratic interpo-
lation yields:

pol€) ~ pe(mAy)+p9(_mAy)[ € r n Pe(mAV)—Pe(—mAu)[ € }7

2 2

and the equation for # becomes:

mAv mAv

2 m

u) pe(mAv)  u (1 N E) po(—mAv) (3.11)

U
0 =~ 77—|——<1——
m m 2

m

In contrast with quadrature methods, the Monte Carlo method only requires inter-
polation of one quantity, the shift py(€) as a function of €. As shown in Appendix A,
the Jacobian is automatically taken into account by the Monte Carlo method, which
is a significant advantage.

3.3 Generalization to more than one systematic uncertainty

To fix ideas we consider here a situation with three nuisance parameters, vq, v, and
v3. Inference about the interest parameter 6 is then based on the multidimensional
equivalent of equation (2.12):

vio+nAvy vo0+nlAvg v30+nAvs
p(0|z) =~ / di; / dvy / dvs L*(0 | vy, v2, 13, )
1% 1% V-

10—nAvy 20—nAv2 30—nAv3
_ 2 _ 2 . 2
6_%<U3 :3%) e_é(l/z :220> e_%(”l :110)
V 27 AVg V 27 AVQ V 27 AVl

We now need three shift functions, p1g, p2g, and psg, one for each nuisance parameter:

(3.12)

PO |vio + €1,090,30,8) = P(0+ prg(€r) | V1o, Voo, V3o, T),
P(9’V10+617V2o+627y307x) = P(9+p29(61762)‘V10+€171/207V307$)a
P(0|vio + €100 + €2, 130 +€3,2) = PO+ pagler, €2, €3) | V1o + €1, Voo + €3, V30, T),

where P is, as before, the cumulative integral of £*(0| vy, 12, v3, ) with respect to 6.
Note that the above definitions assign a different number of arguments to each shift
function. However, we shall assume that the shift function corresponding to a given
nuisance parameter does not depend on the values of the other nuisance parameters,
i.e. that peg(€1, €2) does not depend on €1 and that psg(eq, €2, €3) does not depend on €;
or €. The notation will be simplified accordingly:

p29(€1,62) = pgg(ﬁg), (313&)
p3o(€3)- (3.13b)

039(61, €2, 63)



Next, we apply the procedure described in section 2, from equation (2.16) to equation
(2.25), to each integral on the right-hand side of (3.12), starting with the inner integral
over v3. The end-result of this calculation is:

0+p3g(nAvs) N3+p2ns (NAva) n2+p1ny (NAvL)
p(9|x) ~ / dTlS/ dnz/ dm ﬁ*(771’V1o,V2o,V3o>37)
0 n n

+p30(—nAvs) 34p2ns (—nlAvs) 2+p1ny (—nAvy)

6_% [017(177_277721)}2 6_% [0;7(277_377?2)}2 6_% [0;7?9_77703)} 2

\/%0'1(772;770 \/%0'2(7737772> \/%0-3(97773)

m —n2 0oy (N2, m) ne —n3 O00a(nN3,1M2) ns — 0 0os(0,13)
i 1+ 1+ ,
[ 01(772>771) on } [ 02(773,772) ons ] [ 03(9,773) 00 ( )
3.14
where: 0
oi(0,n) = %Am, i=1,2,3. (3.15)

Equation (3.14) is the three-dimensional equivalent of (2.25). With the assumption of
independence expressed by equations (3.13), the procedure for incorporating several
systematics into a likelihood function is straightforward. First, calculate the shift
function for each nuisance parameter separately, keeping the other nuisance parameters
at their nominal values. The convolutions can then be performed in succession, the
output of one convolution being used as input for the next. For the Monte Carlo
method described in section 3.2 and assuming a total of s systematic uncertainties,
this gives the following general algorithm:

Draw a random number 7, from L£*(n; | v, x);

Set i = 1;

Draw a random number u; from a Gaussian with mean 0 and width 1;
Repeat the previous step if |u;| > n;

Solve  miy1 = n; + w;i 0i(Mig1,m;)  for misq;

Increment ;

If « <'s, go back to step 3;

S S A B

Set # = 1,1 and histogram 6.

The equation at step 5 can of course be handled in the same way as in problems with
only one systematic uncertainty.



4 Example: a Truncated Gaussian Likelihood

To illustrate the method, we consider a simple problem with one interest parameter 6,
one nuisance parameter v, and a physical constraint § > 0. The probability density
function of the measurement z is Gaussian:

fx|0,v) = (4.1)

The corresponding normalized likelihood function is a truncated Gaussian density:
—v—x)?
()
1 v+x
V2T TS [1 + erf (\/iTﬂ

where the normalization is done with the help of the error function:

erf(z) = % /Ozdt et (4.3)

The corresponding cumulative distribution is:

PO|y) = erf (9\_/’;‘%) + erf(\”}%i) (4.4)
1+ erf@;ﬂj) ‘ '

Next, we assume that prior information about v comes from a subsidiary Gaussian
measurement vy + Av:

L£@|v,x) = (60 >0), (4.2)

i) s
)= A (45)

and that there is no prior information about 6, so that a uniform prior is chosen:
m(0) = 1. With these ingredients the predictive density, equation (2.2), is given by:

m(z) = %[1 + erf (ﬂ%)] (4.6)

and the marginal posteriors for # and v, equations (2.3) and (2.4) respectively, are:

o RIC==) .
VG Vv Ea) FI [ () |

1) 1 —l—erf(%) @—%(V_A_%)Q (48)
viz) = . .
P 1 +erf<¢) V21 Av

2 (Av?2 4+ 12)

These are exact formulae for the example considered. Before testing the approximation
of the convolution method, we note that the nuisance posterior p(v|z) equals the

10



nuisance prior 7(v) in the limit of large vy + . This can in fact be interpreted as a
consistency condition on the priors and the data. Indeed, the likelihood favors values of
the data x that are close to # — v, and the nuisance prior favors values of the subsidiary
measurement 1 that are close to v. Hence we have x ~ 6 — v, so that the physical
constraint 6 > 0 implies x + 9 > 0. Given that x and 1y are measurement results that
fluctuate with standard deviations 7 and Av respectively, actual consistency between
data and priors requires vy + x to be large relatively to +Av? + 72. For the remainder
of this section we will choose x = 0.0, 7 = 0.5, vy = 1.0, and Av = 0.1, 0.2. Figure 3
shows that with this choice there is hardly any difference between the nuisance prior
and posterior. Hence, condition (2.9) is satisfied and the convolution method can be
applied.

The normalized likelihood function and corresponding cumulative distribution are
shown in Figures 4 and 5 respectively, as functions of @, for v = 0.8, 1.0, and 1.2.

The shift function py(€) is shown as a function of 6 in Figure 6. This curve becomes
flat as one moves away from the physical boundary, in agreement with the behavior
of the shift function in the corresponding situation without a physical boundary (see
Figure 2, top). Since the physical boundary does not depend on the nuisance parameter,
the shift function goes to zero as 6 approaches zero. The e dependence of py(e) is
examined in Figure 7. As expected from definition (2.13), py(€) goes through the point
(e =0, pp = 0) and is approximately linear in the vicinity of that point. The flat portion
of each curve is the effect of the physical boundary: one has lim, ., ps(€) = —6. This
limit is reached in such a way that for each 6, py(€) is a one-to-one function of € from
| — 00, +00] to | — 6, +00], as required for the change of variable (2.18) to be valid.

The exact width o(6,7n) of the convolution kernel, equation (2.21), is shown in
Figure 8 as a function of 7. Superimposed on that plot are horizontal line segments
indicating, for a given 6 value, the region of integration [0 4+ pgo(—nAv), 0 + py(nAv)],
with n = 3 and Av = 0.1, 0.2. The plot shows that the width is approximately constant
over the region of integration, and more so at small Arv and large 6.

Figure 9 shows the correct Jacobian factor derived from the o(6,n) of the previous
plot, again with the integration regions indicated by horizontal line segments. Each
Jacobian equals 1 near the middle of the corresponding integration region and remains
fairly constant over the whole region, especially at high # and small Av.

Figure 10 shows the final result of using a quadrature method to fold a systematic
uncertainty Av = 0.2 into the likelihood of equation (4.2). The top plot compares
the unsmeared likelihood with the smeared one, using the “exact” formula, equation
(4.7). The bottom plot compares the “exact” smeared likelihood with convolution
approximations based on 0 order (dashed curve) and 1%* order (with m = 1, dotted
curve) formulae for the width o of the convolution kernel. The integration range of the
convolution corresponds to n = 3. The approximations are generally good, except at
low 6. This is expected since the width and Jacobian factors are also less well modeled
by the approximations at low #. Note however that the 1%° order formula for o performs
better than the 0™ order one. Lastly, Figure 11 shows the result of applying the Monte
Carlo method to the same problem. The exact smeared likelihood is compared with
Monte Carlo curves (each obtained from 10® runs of the algorithm) based on 1% and 274
order interpolations for the shift function (equations (3.10) and (3.11) respectively).
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We emphasize that in practical applications of the method, Figures 7, 8, and 9 are
not plotted. In fact, in most cases these plots would be very difficult to produce since
they require exact knowledge of the likelihood function dependence on the nuisance
parameter v. They were shown in this example only to help explain the performance
of the approximations used.

5 Conclusions

We have described a convolution method for incorporating systematic uncertainties into
a likelihood function for the purpose of extracting upper limits or two-sided intervals.
The method is very general in that it does not make any assumptions about the form
of the likelihood function, other than that the latter be normalizable over the physical
region of the parameter of interest. If for example the likelihood is derived from a
fit to some spectrum, then the method works equally well whether the fit is binned
or unbinned. An alternative method for incorporating systematic uncertainties in the
case of binned fits is described in Reference [5].

The main advantage of the method proposed here is that it is derived from an
exact Bayesian formulation of the problem. As a result, there is no arbitrariness in
the expression for the width o of the convolution kernel, equation (2.21). This is in
marked contrast with other approaches to this problem, which rely on intuition and
guesswork to fix the form of o.

The core of the method is the determination of the shift function, pg(mAv), for one
or more values of m. In principle it should be possible to improve the approximations
by increasing the number of values of m for which the shift function is available. In
that case however, one needs to make a careful choice of interpolation method, as high-
order polynomial interpolation may exhibit more variation than desired. On the other
hand this is not a real problem in most applications, where it is computationally too
expensive to determine the shape of the likelihood at more than a few values of the
nuisance parameter(s).
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Appendix

A Justification of the Monte Carlo algorithm

The notation in this appendix refers to the algorithm description at the beginning
of section 3.2. Since 1 and w are independent random numbers, their joint density
factorizes: )

U /2

\/27TK7

where K = erf(n/v/2) corrects the normalization for the fact that u is required to be
between —n and +n. The cumulative probability for the random number 6 to be less
than some constant 6, is then given by:

o—u?/2
Pr(0 < 6y) = //R dn du L*(n | v, ) K (A.2)

f(n,u) = L*(n] o, x) (A1)

where the integration region R is defined by:
-n S S +na

9(777 'LL) S 007

IS

and the function 0(n, u) is implicitly defined by the constraint: n+wuo(6,n) = 6. Next,
we change integration variables:

u—t: u = t—n' (A.3)

The corresponding transformation of differentials is:

gy = 4 tzn 9o, (A4)

ot,n)  olt,n)* ot

and the integration region R transforms into:

S 007

t+p(—nAv) < n < t+ p(nAv),

where we assumed that p,(e) increases with €. Equation (A.2) becomes now:

0 t+pr(nAv) _%< t(;n)>2
0 pr(nav) e “\on n—t Oo(t,n)
r(6 < 6p) / dt/ dn L*(n| vy, x) —— |1 + .
2 t+pr(—nAv) n £ v )\/27ra(t,n)K [ o(t,n) 8t<A .

Differentiating this expression with respect to 6y yields equation (2.25), as required.
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Figure 1: Illustration of the graphical construction method of the shift function py(e).
Top: unshifted (solid) and shifted (dashes) likelihood functions. Bottom: unshifted
and shifted cumulative distributions derived from the top plot. For a given 6, and e,
e, (€) is constructed as the signed horizontal distance between the shifted and unshifted
cumulative distributions.
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Figure 2: Examples of shift functions are given in the three right-hand side plots.
They correspond to the unshifted and shifted likelihoods drawn on the left-hand side
with solid and dashed lines respectively. Three cases are shown: unshifted and shifted
likelihoods are Gaussians with same width but different mean (top); Gaussians with
different width and mean (center); Gaussian and gamma (bottom).
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Figure 3: Marginal nuisance prior for vy = 1.0 and Av = 0.2 (solid line), and corre-
sponding marginal nuisance posteriors for = 0 (dashed line) and x = —1 (dotted
line). Only the value # = 0 is used in the remaining plots of this note. The curve with
x = —1 illustrates the effect of a disagreement between likelihood and priors, in which
case the convolution method may not be a good approximation.
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Normalized Likelihood Functions
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Figure 4: Shifted and unshifted truncated Gaussian likelihood functions, from the
example discussed in section 4 of the text. The three curves are normalized to 1 over
the physical region (6 > 0).
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Cumulative Distributions
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Figure 5: Shifted and unshifted cumulative distributions corresponding to the normal-

ized likelihoods of Figure 4.

18




Shift Function vs. 4§
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Figure 6: Shift function py(Av) versus 6, for Av = 0.1 and 0.2. For Av = 0.2 this
function was determined from the v = 1.2 and v = 1.0 distributions shown in Figure 5.
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Shift Function vs. ¢
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Figure 7: Shift functions py(€) as a function of € for three values of 6, for the example
discussed in section 4. The large dot in the center is the origin of coordinates.
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Width of Gaussian Smearing Function
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Figure 8: Scaled width of the Gaussian convolution kernel, o(6,n)/Av, as a function
of n and for § = 0.5, 1.0, and 2.0. This is an exact calculation according to equation
(2.21) in the text. The horizontal line segments indicate the integration region [0 +
po(—nAV), 0+py(nAv)] of equation (2.25), for n = 3 (hence the meaning of the notation
“60” for the total length of the indicated regions).
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Jacobian Factors
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Figure 9: Exact Jacobian factor from the Gaussian convolution integral of equation
(2.25). The horizontal line segments indicate the same integration regions as in Fig-
ure 8.
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Effect of Convolution on Likelihood
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Figure 10: Effect of a Arv = 0.2 systematic uncertainty on the truncated Gaussian
likelihood function of Figure 4 (v = 1.0). Top: comparison of the unsmeared likelihood
(solid line) with the likelihood smeared according to the exact formula (dashed line).
Bottom: comparison of the likelihood smeared according to the exact formula (solid
line) with quadrature approximations based on 0" and 15* order formulae for the width
o of the Gaussian convolution kernel (dashed and dotted lines, respectively). Note that
these approximations are not normalized to 1 in order to facilitate comparison with
the exact formula.
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Effect of Convolution on Likelihood
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Figure 11: Effect of a Av = 0.2 systematic uncertainty on the truncated Gaussian
likelihood function of Figure 4 (vy = 1.0). The likelihood smeared according to the
exact formula (solid line) is compared with Monte Carlo approximations based on 1°*
and 2" order interpolation formulae for the shift function (dashed and dotted lines,
respectively). All three curves have unit area. The two Monte Carlo curves were
obtained from 108 runs of the algorithm in section 3.2.
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